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Abstract. Wave-pw[ic]c interactions arc fundamental to all collisionless plasmas, from the
instabilitics generating the wavesto the re sonantinteractions which cause pitch-angle
scattering, particle energy diffusion and cross-f ficld diffusion of particles. These figures
and text were developed for the 1995 Autumn College of Plasma Physics, held in Trieste,
ltaly, and were aired atcxplaining this phenomenon to a variable audience, from graduate
plasma physics students (o recent 1°11.1). fellows.  So that the general AG U member may
follow this discussion, 1 will discuss only the simplest concepts using undergraduate
clectricity and magnetism. 1 ‘or wave-pwliclc interactions involving clectromagnetic waves,

cverything is explainable by the 1,orentz force.
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INTRODUCTION

Fquation 1) is the Lorentz force in centimeter-gre un-second (cgs) units. A particle with
charge g moving with velocity V across a magnetic ficld 01 strength B, experiences a
force which is orthogonal to both V and B,,. In the expression below, ¢ is the velocity of

light.

i.’,‘:—(? ini(, (h
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Figure 1 illustrates this situation for a positively charged particle (¢.g.,  a proton) moving
exactly perpendicular to a uniform magnetic field, B,. 1 =qV,By/c. V, is the velocity
component perpendicular to ii(, and in this case 'V, = V. Thelorentz force is balanced by
the centrifugal force mV ? /r, where m is the particle mass and r is the particle gyroradius.
Fiquating these two forces and solving for r, onc gets r=1, ¢/qB,. where 1, is the particle
perpendicular momentum. i N this uniform magnetic field, the particle exhibits a circular
motion about the magnetic ficld where the frequency of motion, 2m/V | . is cqual (o

me/q B, the cyclotron(or 1 armor) frequency, €2, of the charged particle.

Figure 2 illustrates the concept of a particle pitch angle. For this particular example, the
particle charge is positive (positive ion). In a uniform magnetic ficld, the angle that the
instantancous particle velocity makes relative to the magnetic ficld vector is constant and is
called the pitch angle. The particle velocity vector can be broken down into two orthogonal
components, one parallel to i.i(), V). and the other perpendicular to B

o -V (cquation 2).

Since there are no forces exerted on the particle in the parallel direction, the particle moves

unimpeded with a constant velocity Vy along B, There is also a cyclotron motion
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associated with the v component.  Although the direction changes, the magnitude of V|

rem ains unchanged. A positively charged particle thus moves inaleft-hand spiral motion
along the magnetic field. ‘This handedness is important for resonantinteractions, as we will
illustrate later. Positive ions gyrate ina left-h;md sense relative to B

o~ independent of

whether they are moving along B, or antiparaliel to B,

V: V4V, (2)

Because clectrons (anions, and negative ions) have negative charge, the VB Lorentz
force is oppositely directed from that of positively charged ijons.  Thus. clectrons gyrate
about the magnetic field in a right-hand corkscrew sense, opposite to that shown in Figure

9]

If there is a strong magnetic field gradient, the particles can be "mirrored"”, or reversed in
direction, by the Lorentz force. We show a particle at its mirror point in Figure 3 1o
illustrate this point.  Although the Figure indicates a one dimensional gradient with a
positive sense to the right, the reader should imagine this to be a two-dimensional gradient
where similar field line convergences occur into and out of the paper as well. At the
moment in time where the particle is being mirrored, all of its velocity (encrgy) is in the
perpendicular (to the field) frame. Due 1o the convergence of the magnetic field lines, the
Lorentz force has a component toward the left, leading to particle acceleration in a direction

opposite to the gradient, and thus "reflection”.
Since the Lorentz force operates in a direction orthogonal to the velocity vector, there s no

work done. The total energy of the particle remains constant. Squaring equations (2 and

multiplying by 1/2m, we get:
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Fop = 12mV2 = 12mV24 1/2mV,2 = 14 1 (3)

For a particle moving in a constant magnetic ficld. the parallel and perpendicular encrgics
by and B are cach constant values. However, for a particle moving from left to right in a
magnetic ficld gradient, as shown in Figure 3, I decreases as I increases, Keeping by
constant. "The mirror point is reached when 1 = Fq. The particle then starts to move to

the left with Fyincreasing (and 1| decreasing).

A magnetic bottle has positive gradients at both ends of the ficlc lines as is shown in Tigure
4. Particles with large pitch angles are “trapped” and will have two mirror points. The
particles will bounce back and forthbetweenits mirror points.  However, particles that
have 07 pitch angles or angles close to 0° will mirror at only extremely high field strengths

and will thus escape outthe ends of the bottle.

If one bends the lines of foree , 1o a shape of a dipole ficld (Figure 4, bottom), we have the
general shape Of planctary magnetospheric fields. Particle radiation, such as the Van Allen
radiation b clts, are trapped on these fields.  The particles gyrate aboutthe magnetic fields
andalsobounc e back and forth between their mirror points. 1 1ow onc gets particles on
these trapped orbits is another problem. One way is to have cosmic ray particles have
nuclear interactions with upper atmosphere atoms and molecules.  Neutrons produced in
these interactions decay into protons and electrons within the magnetosphere populating the

belts. These are ¢ alled CRAND (cosmic ray albedo neutron decay) particles.
The "loss cone” is the cone o { pitch angles within which particles in this cone are lost to the

upper atmosphere. The particle mirror points are deep in the atmosphere and the particles

thus lose their energy by collisions with atmospheric/ionospheric atoms and molecules and
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donotrriiarrg to the magnetosphiere, Thus, the magnetospheric equatorial phase space

(pitch angle)distribution has signatures that looks like Figure Sa.

The size of the 10ss cone can be calculated by assuming constancy of the first adiabatic
invariant (1. [ is equalto F£ /B,,. For the dipole ficld showninFigure Sb, we calculate the
value below.  As previously mentioned, at the mirror point, the particle’s perpendicular
kinetic energy B, is equal to the total kinetic cnergy, 4. Thus we can write |1 as
1 /BMiror at the mirror point. At the equator, 1t is equal 1o F, /B, Pquating these two
values we have 1 /B = 1 /B0 We rcarrange this as /B = B /By, . However,

: . : : . . | 5 > o
from previous discussions, we know that F /E, = - mV; /- mV ' =sin” 0 .
i , MY

‘1'1)11s, Torthe loss conc we have:

sind o, = B /By (4)
The values for B, and B, can be calculated assuming a dipole ficld dependence with
distance, B/r3 = constant. At the Farth, the surface cquatorial ficld is approximately ().3
Gauss. Thus for any dipole field line, the 10ss conc can be castly calculated. For any
particle with pitch angles at the equator with o < ¢ . such that the height O1 the mirror point
is within the upper atmosphere, the patticles are lostby collisions with neutrals. in the

expression, ¢, isthe pitch angle at the edge of the 10ss cone.

The Harth’s field is nota pure dipole.  There are variations in the localsurface field
strengths, One area, called the Brazilian anomaly (previously talk’d the South Atlantic
Anomaly, but this magnetic region has recently drifted inland) is a region of low magnetic

ficld strengths. In this region, the magnetic ficlds are weaker and charged particles mirron
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atlower atitudes and are lost through collisions.  Satellites passing through this region

mustend ure higher radiation doses.

Previously, we showed that charged particles have a circular (cyclotron) motion about the
ambicnt magnetic ficld (gyromotion) plus a translational motion.  Under certain conditions,
clectromagnetic waves, can resonate with the particles.  Below is the cyclotron resonant

condition:
w-k-V=nQ (5)

In expression (5), m andkare the wave frequency and k vector, and n IS an integer
cqualto (). 41,42, .. .. Theabove expression mathematically shows that resonance
occurs when the wave 1S Doppler-shifted to the particle cyclotron frequency by the factor

k V, the relative motion between the particlc andthe wave.

1 ‘orillustrative purposes, wc will only describe the first order resonance (n = 1) and will

assumc that the wave k is oriented along the magnetic field direction.
Thus (5) simplifics to:

If the frequency of the wave and the localgyrofrequency of the particle are known, then the
particle resonance energy, canbecalculated. Thereareseveral simple steps to get from

cquation (6) to (7).
By = 1/2mVi= 1/2mve) - 0wy’ ()
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In the above expression, o/k = Vyp. the wave phase speed. For the case in which the
resonant waves are at frequencies less than the ion cyclotron frequency. the wave-phase
speed can be approximated by the local Alfvén speed V. Va = [B281p]1/2, where p s
the ambient plasma density. This approximation is often used for pitch angle diffusion rate

calculations.

1 deure 6 illustrates the spatial variation of the wave (perturbation) maenetic vector as a

& ] £

function of distance along the magnetic field. Here we will illustrate circularly-p olarized,
(=]

parallel-propag ating clectromagnetic waves.  “17here are two basic types of polarization,

right-and-left handed.  Elliptical or lincar polarizations arc combinations 01 these two

polarizations.

In a magnctized plasma, left-hand polarized waves can exist at frequencies up to the ion
Cyclotron frequency. At the high end of the frequency range, this mode is called anion
cyclotron wave. Atlow frequencies , this mode maps into the Alfvén mode branch. Right-
hand waves can exist up to the clectron cyclotron frequency.  These waves are dispersive
(in this case, higher frequencies have higher phase velocities), and when (hey travelany
substantial  distances, the highest frequencies arrive first. 1.ightning-generated
clectromagnetic noise traveling withina plasma “dud” (:Ificl(l-aligned density cnhancement
or depletion With Ap/p > 5%) from one magnetospheric hemisphere 1o the other, ends up
having a whistling sound, thus the name "whistler mode”. At low, or MHD frequencics,

this wave maps into the magnetosonic mode.

‘The polarization of waves is defined by the sense 0f rotationabout the ambicnt magnetic
ficld. This is independent of the direction Of propagation. The same IS true for positive ion

(left-hand) and clectron (right-hand) gyromotions about the magnetic field.
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‘The normal cyclotron resonance between waves and charged particles are pictorially shown
in Figure 7 For this resonant interaction, the waves and particles propagate towards cach
other. Left-hand positive ions interact with left-handed waves, and correspondingly “ight-
hand clectrons interact with right-hand waves. Since the waves and particles approach cach
other, k V hasa negative sign. Thus the Doppler shift term — k V) in equation (S) is «
posiive onc.  The relative motion of the wave and particle Doppler-shifts the wave

frequency, o, up to the particle cyclotron frequency, €2.

One Hlasma instability generating these waves in planctary nagnetospheres is the “loss-

cone instability”. THis i ty occurs when conditions 1, > exist. I, 1, s the

ion or electron temperature parallel (pe pendicular) to 1B, Electron loss cone instabili ies
gencrate - whistler-mode  emissions  descriptively  called  auroral  zone  “chorus™  ard
“plasmaspheric hiss” because of the sounds they make when p ayed through a speaker  he
waves in the outer magnetosphere do not bounce several times ike lightning whistlers, and

frequency-time structures are due to generation mechanisms).

There is another type of resonance called anomalous cyclotron resonant interactions. ‘This
is shown for the case of positive ions in Figure 8 Posit ve ions interact with right-hand
waves. They do so by overtaking the waves (V> V), such that the ions sense the waves
as left-hand polarized  Because the left-hand ion iaeracts witl a ight-hand wave, this
interaction is called "anomalous rom the expression in the resonance condition, the
Doppler shift deercases the wave frequency to that of the cyclotron frequency. ixamples
of the instability generating such waves is the ion beam instability in planctary foreshocks
ardion pickup around comets. The ion beam generates right-hand magnctosonic waves.
In the foreshock case, solar wind 1ons reflecet from the bow shock, and  stream outward

into the solar wind  These particles are typically 5 keV n kinetic energy ligher
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cnergy particles from the magnetosheath extend this energy to -40 keV.In the cometary

case, neutral molccules/atoms sublimate from the nucleus as the comet approaches the Sun.
Thisneutral cloud canbe - 10" kminradius.  The photoionization and charge cxchange of
cometary 1170 group neutrals (11,0, 011, () lead to the formation of a “beam” in the solar
wind frame. For the instability, the typical kinetic cnergy of theionsrelative to the solar

wind plasma is 30-60” ke'V.

The same anomalous cyclotron resonantinteractions occur between electrons and left-hand
mode waves. 1 Jowever, since the left-hand waves are at frequencies below the ion
cyclotronfrequency (avaluefar below the clectron cyclotron frequency), resonant clectrons
arc typi cally relativistic inenergics (1> 1 Me V) for this interaction.  Fven so, it 1S
speculated that such an instability is occurring upstream of the Jovianimagnetosphere

perhaps due to leakage of Jovian radiation belt electrons.

The actual physical mechanisim for particle pitch angle scattering due o clectromagnetic
waves is the Lorentz force. This is illustrated pictorially in Figure 9 for positive ions. At
cyclotron resonance, the particle experiences the wave magnetic field By, gyrating in phase
with the particle. For case of visualization, we separate particle V; and Vj; components.
Clearly the resonant interaction of particles with arbitrary pitch angles will be a combination
of the two.  In panel 9a), we show the case when the interaction is through V. Since a
constant By is imposed on the particle, the Torentz force is in the B, direction. If the
particle is propagating towards the right, the pitch angle will be decreased, and if the
particle is traveling to the left, it will be increased. However, we have arbitrarily chosen
the i%w to be in the upward dircction in the Figure. 1f the relative phase between the wave
and particle were shifted by 180° such that By, was pointed downward, all of the results

stated previously would be reversed.
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Pancl (9b) shows the particle interaction due to the parallel component of particle velocity.

Here the Lorentz foree is in a direction opposite to that of the gyromotion of the left-hand

ion.  Therefore, the interaction decreases V (14, ) and decrcases the pitch angle of the

particle. If the phase of the wave was 180" different, such that By, was dirccted

downward, 1§ would accelerate the particle in 1, and the pitch angle would be increased.

Resonant wave-]xwlic]c interactions occur ontime scales smallcomparedto the cyclotron
period, thus the first adiabatic invariant pis not conserved. "The total encrgy Of the particle
is not conserved. To sce this, we examine the energy of the particle in the rest frame of the

wave. 1lere the totalenergy is constant:

]/2m\/_|24 12m (V- Vph)? = constant (8)

Assuming small perturbations in 'V and Vi, we get mV AV + mVyAV) -mVAV) = 0.

However, carlier we showed that = 1/2mV 2 4 1/2 mV2 or AL = mV | AV +mV;AV,,

Substituting the above into expression (8), we have:

AE = mVpAv ©)

So we find that the particle energy changes, based on the sign of V. Particles that increase
Vi through resonant interactions increase encrgy and absorb wave energy, and those that
& [l
decrease Vylead to the generation of wave cnergy.  In general, if one starts with a highly
anisotropic pitch angle distribution (say 1) >> ). as the waves stochastically scatter the
1 [XFon B A ~ 4 +
particles and “fill” the loss cone, the cnergy of the particles overall decreases, with the

concomitant increase in wave energy.
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1 ‘orwaves with electric field amplitudes, 1 ¢y, the particle's perpendicular Kinetic encrgy
increases or decrcases depending on the phase of the wave with respect to the particle. The
situation for increased 17, is shown in Figure 10. Analogous arguments can be made for
wave-particle  interactions due t o el cctrostat ic wa ves or the  clectric component  of
clectromagnetic waves. W have left the details of these interactions as excercises for the

reader.

The overall particle pitch angle scattering rates duc to electromagnetic or clectrostatic waves
have been defined by Kennel and Petschek (1966), and have empirically been shown 1o be

quite valid for the rate of scattering of clectrons in the outer magnetosphere.  From the
derivation of their cquation (14), we have tan o0 = Vi/V | and for large pitch angle particles

where V) =V,

Av= — AV, IV, (10)

The amount of acceleration that the particle receives is the Torentz force divided by mass

times the time (At) that the wave and particle stay in resonance. This can be expressed as;

'V B,
A= S B AT DY QA (110
cm Vi B
The pitchangle diffusionrate is thus:
PYRC UL O Y (12)
2A 2B

The time At is the time a particle Ak/2 out of resonance changes its phasce by one radius, or
A= 2IAKV,
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We now get:

B, /AK Q By /Ak K
)= Q-0 - ORI (13)
B Vcoso B cos o
Again assuming large pitch particles,
2
B.
)=QL - 4)

Where B :.M is the wave power spectral density near esonance, and 1) is the fractional

amount of time that the particles are in resonance witl the waves.

The Pederson mobility of particles i the direction perpendicular to B (Schultz and

anzerot i 1974) is:

= (/BT /14 (Q1 y A

N

n the above expression Tepy is the effective .ime between wave-particle "collisions”.

The maximum cross-field diffusion occurs when the particles are scattered at a rate equal (¢
|

their gyrofrequencies, or T.p =eB/me (Bohm diffusion). A spatial diffusion cocfficient
derived by Rose and <llark 96 is:
,
D s (AX ) 24t [mvEe 0)

For 3ohm  949) diffusion,
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D, = b c/2eB=D (17)

man

If we substitute the expression for 1),,,into the Kennel-1' ¢(schek ( 1966) expression (their

cquationl 4), for conditions m’here Qt >>1 and T -/ D, We can approximate the

4

cross-field diffusion rate (I'surutaniand Thorne, 1 982) by:

. i
D, I\\I iz /o-%;QTC“-: 2(}3\\,/13;) D (18)

Similarly for clectrostatic waves, we get

])_I N »:'k s 2("'\\/1;)? (%)?I)I]HI\ (]())

W

Iigure Il shows the process of cross-f -ficld diffusion duc to resonant wave-particle

interactions. By, is the original guiding center. After pitch angle scattering, B(’) is the new

guiding center. The particle has “ diffused” across the magnetic field line.

LINAL. COMMENTS
We have tried to give simple explanations with illustrations to explain the fundamentals of
wave-particle interactions.  Clearly, more complex interactions and second-order effects
which indeed are present, have not been included in this basic description.
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LigureCaptions

Figure 1, ‘Thelorenty force anda positively charged particle gyromotion in auniform
magneltic field.

Figure 2. The “pitch” angle of a positively charged particle.
Figure 3, A schematic illustrating the mirror force.
Figure 4, A magnetic bottle for plasmas.

Figure 5. The loss cone (a) and auroras (b) associated with particle pitch angle scattering,

into the 10ss cone.

Figure 6. 1 .eft- yvand andr ght-hand circularly polarized clectromagnet ic waves.
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Figure 7. Normal first-order cyclotron resonance between electromagnetic circularly

polarized waves and charged particles.

1 4gure 8. Anomalous cyclotron resonance between electromagnetic circularly polarized

waves and charged particles.
Figure 9. Pitch angle scattering by resonant clectromagnetic waves.
Figure 1 (). Pitchangle scattering by resonantelectrostatic wawves.

Figure 11. Particle cross-field diffusion by arcsonantinteraction with waves.
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